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Abstract-The Kerr-Newman metric is used to discuss the averagely measured speed of light 
along the radial direction at the black hole from a weak-gravitation reference frame such as an 
observer on Earth. The velocity equation of light at the black hole is represented in the spherical 
coordinate (r, 𝜃, 𝜙) and the main parameters are the Schwarzschild radius RS, the rotation 
term a, and the charged term RQ. From the calculations, the average radial speed of light from 
r=𝑅𝑆  to r= 𝛼RS with 𝛼 > 1 is possibly exceeding the speed of light c in free space by an 
observer in a reference frame far away from the black hole like on Earth. The result extends to 
the large r region when the rotation of the black hole is very high or the charge is large enough. 
This average radial speed finally goes to c in a large distance away from the black hole. The 
results are reasonably at least for the radial directions from two poles and the place in the 
equatorial plane. We also propose a new explanation based on our results that the observation 
of the faster-than-light particle is due to the light bending near the black hole or supermassive 
star with very strong gravity. Finally, we give explanation that the propagation speed of gravity 
shall not be faster than the corresponding speed of light. 
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1. Introduction 
The black hole has been studied more than one century. Its strong gravity attracts a 
lot of scientists to study the physics at the black hole. Traditional thoughts treat the 
black hole with a singularity collecting all mass and charges there. It is so mystery that 
all massive particles as well as the massless particles such as photons cannot escape its 
gravity. The non-rotational and uncharged black hole is defined by the Schwarzschild 
radius RS equal to 2GM/c
2, where M is the mass of the black hole, c is the speed of light 
in the free space, and G is the gravitational constant. According to General Relativity, 
its spacetime structure is tremendous changed and much different from the flat one such 
as the Minkowski spacetime structure. It causes the curiosity to think about what is the 
speed of light at the black hole measured by an observer in a reference frame like on 
Earth if possible?  
Recently, the superluminal phenomena attract a lot of researchers and at the same 
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time, some astronomical observations have been reported, especially the places close 
to the black holes [1-7]. So it also causes our curiosity to discuss these phenomena by 
using the Kerr-Newman metric [8-10] based on General Relativity. On one hand, the 
time dilation in astronomical observations have been observed many years [11-16], and 
the speed of light is indeed affected by gravity. According to the astronomical 
observations on Earth, the average speed of light is less than that in the free space. They 
provide a phenomenological proof that the averagely measured speed of light is 
changeable. On the other hand, the surface tangential speed of a rotating black hole has 
been found close to c [17], so the discussion about the rotating effect on the speed of 
light is meaningful and to discuss the superluminal phenomenon becomes reasonable. 
In this research, the Kerr-Newman metric is used to discuss the averagely measured 
radial speed of light from the black hole and some special results are given.  
2. The Kerr-Newman Metric and the Measured Velocity of Light at the Black 
Hole 
When we discuss the propagation of light from the outer space through the event 
horizon into the black hole, the spacetime structure for the black hole is needed. There 
are three basic parameters to describe a black hole, the mass term RS with its total mass 
M, the rotation term a with angular momentum J, and the charged term RQ with the 
total charge Q. There are several metrics to discuss the Einstein’s spacetime structure, 
and the Kerr-Newman metric [8-10] is the one can simultaneously include these three 
parameters. Some other metrics [6-8] or alternative coordinates describing the 
spacetime structures for the black hole have been revealed many years. The expression 
for the Kerr-Newman metric in the polar coordinate (t, r, 𝜃, 𝜙) [18] is  
                   d𝑠2 = −𝑐2d𝜏2
= (
d𝑟2
Δ
+ d𝜃2)𝜌2 − (𝑐d𝑡 − 𝑎sin2𝜃d𝜙)2
Δ
𝜌2
+ ((𝑟2 + 𝑎2)d𝜙 − 𝑎𝑐d𝑡)
2 sin2𝜃
𝜌2
,                                                             (1) 
where 𝜏 is the proper time, t is the coordinate time,  
                                                𝜌2 = 𝑟2 + 𝑎2cos2𝜃,                                                                (2) 
                          Δ = 𝑟2 − 𝑟𝑅𝑆 + 𝑎
2 + 𝑅𝑄
2 ,                                                      (3) 
a = J/Mc, and RQ2 = KQ
2G/c4 where K is the Coulomb’s constant. The propagation of 
light is along the geodesic with guvdxudxv=ds
2=0 [18-20], and it has been used to deduce 
the velocity of light in the Schwarzschild metric [19,20] and Kerr metric [18-20]. Then 
Eq. (1) gives an equation to describe three velocity components of light (dr/dt, rd𝜃/dt, 
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rsin𝜃d𝜙/dt)  
  
𝜌4
Δ(Δ−𝑎2sin2𝜃)
(
d𝑟
𝑑𝑡
)
2
+
𝜌4  
𝑟2(Δ−𝑎2sin2𝜃)
(𝑟
d𝜃
d𝑡
)
2
 
 −
(Δ𝑎2sin2𝜃 − (𝑟2 + 𝑎2)2)
𝑟2(Δ−𝑎2sin2𝜃)
(𝑟sin𝜃
d𝜙
𝑑𝑡
)
2
−
2𝑎𝑐(−Δ + (𝑟2 + 𝑎2))sin𝜃  
𝑟(Δ−𝑎2sin2𝜃)
(𝑟sin𝜃
d𝜙
𝑑𝑡
)
= 𝑐2.                                                                                                                (4) 
The relationship between each velocity component and the coordinate (r, 𝜃, 𝜙) is 
given in Eq. (4), and each velocity component must be real by observation. This way 
to deduce the light velocity has been used to deal with the in the Schwarzschild metric 
by an observer at infinity [18-20]. Because ds2= −𝑐2d𝜏2 =0 for light, calculating 
(dr/d𝜏, rd𝜃/d𝜏, rsin𝜃d𝜙/d𝜏) is inappropriate for light. It is also pointed out that 𝜏=0 in 
the light reference frame [18]. Recently, the observations of the massive particles 
entering the black hole in the speed of 0.3c have been reported and it proves that the 
particle can fall into the black hole in very high speed [21]. In order to satisfy the truth 
that light can propagate into the black hole, the radial speed of light at the event horizon 
must be nonzero and the speeding time must be finite by the observations. However, 
the Kerr-Newman metric has a mathematical singularity at r=0 and 𝜃 = 𝜋/2 due to a 
physical singularity with infinite mass density at the center. Such singularity is possibly 
removed. The finite-size nucleus in the black hole is a way to avoid this mathematical 
singularity.  
3. The Conditions for using the Kerr-Newman Metric 
According to Eq. (4), it permits one to calculate the speed of light at the black hole. 
A good start to discuss is choosing the geodesic of light only along the radial direction. 
Once an incident direction at certain 𝜃 is chosen, the velocity component dr/dt of light 
can be only function of r. According to the equivalence principle in General Relativity, 
the time dilation is more explicitly as light is closer to the center of the black hole 
because of the stronger gravity. Using Eq. (4), then we can calculate how much time 
does light spend in or out of the black hole along the radial direction and its average 
speed from the measurement of an observer in a reference frame far away from the 
black hole like on earth. In such case, the geodesic is along the radial direction, and it 
gives the relation between d𝜏2 and dt2, that is, 
                                                        d𝜏2 =
(Δ−𝑎2sin2𝜃)
𝜌2
d𝑡2.                                                (5) 
However, as we know, there are some singularities in the Kerr-Newman metric [10]. In 
order to really describe a physically reasonable black hole and avoid two event horizons 
[10], some conditions are required. Because we deal with a physical world and not pure 
mathematics, it has to describe the black hole more reasonably. The gravitational energy 
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as well as the electric energy are both proportional to 1/r, all mass and charges collected 
at the singularity at the center of the black seems to be very unreasonable. After all, the 
black hole is evolutional from the previous star that only has finitely total energy.  
Then the transformation between the proper time and the time of the reference frame 
far away from the black hole in Eq. (5) is positive and it requires both denominator and 
numerator satisfying  
                                                                    𝜌2 > 0,                               (6) 
                                                   (Δ − 𝑎2sin2𝜃) > 0.                                                      (7) 
From Eq. (7), it can be expanded as 
                                                       𝑟2 − 𝑟𝑅𝑆 + 𝑅𝑄
2 + 𝑎2cos2𝜃 > 0.                 (8) 
At r=RS/2, Eq. (8) requires the condition  
                                                        𝑅𝑆
2 ≤ 4(𝑎2cos2𝜃 + 𝑅𝑄
2).                       (9) 
It is the condition at r=RS/2 but not for other place r>0. Like at r=RS, it only requires  
                                                          𝑅𝑄
2 + 𝑎2cos2𝜃 > 0,                         (10) 
and when r>RS Eq. (8) automatically exists. The other requirement is for the dr
2 term 
in Eq. (1) that is 
                                                                   Δ > 0.                                (11) 
It also gives a condition at r=RS/2 
                                                           𝑅𝑆
2 ≤ 4(𝑎2 + 𝑅𝑄
2).                          (12) 
However, similar to Eq. (10) at r=RS, it only requires 
                            𝑅𝑄
2 + 𝑎2 > 0.                           (13) 
  The results of Eqs. (9), (10), (12), and (13) seem to tell us the charged structure of a 
black hole. If we replace the concept of singularity with the finite-size nucleus in the 
black hole, then it can be explained and becomes reasonable. It means that the totally 
enclosed charges Q is function of r and has the expression Q=Q(r) or  
                            𝑅𝑄 = 𝑅𝑄(r).                           (14) 
Eq.(9) reveals that the totally enclosed charges have minimum requirement 𝑅𝑄 >
𝑅𝑆/2 at r=RS/2 and Eqs. (10) and (13) imply that the region between RS/2 can be 
occupied by the opposite charges so the totally enclosed charges at r>RS can be possibly 
very small even close to zero.  
According to the equivalence principle in General Relativity, time dilation gives the 
other condition from Eq. (5) that 
 5 
                              𝑟 ≥ 𝑅𝑄
2/𝑅𝑆.                          (15) 
As mentioned in Eq. (14), RQ is function of r, and r continuously satisfies condition Eq. 
(15) from r=0, so the correct condition for any place between r=0 and r=RS is  
                          r≥𝑅𝑄
2/𝑅𝑆 ≥ 0.                          (16) 
This condition is physical and reasonable because the Kerr-Newman metric should 
correctly exist everywhere and not be bounded by some region or excluded by the 
singularity. If the time dilation is held correctly everywhere and no other physical 
mechanism limits this concept, then Eq. (16) gives the right condition. Otherwise, 
r<𝑅𝑄
2/𝑅𝑆 would not be a well-defined space. At r=RS, it further tells us that 
                               𝑅𝑆
2 ≥ 𝑅𝑄
2                                                             (17) 
4. The Average Speed of Light and the Superluminal Phenomenon In The Black 
Hole 
After discussing the condition of 𝑅𝑄, then we can calculate the spending time for 
light traveling from one place to another in or out of the black hole along the radial 
direction. The results are reasonably at least for the radial directions from two poles and 
the place in the equatorial plane. According to the principle of equivalence, in those 
place the accelerating directions are along the radial directions. Then from Eq. (4), the 
square velocity (dr/dt)2 is  
                                                 𝑣𝑟
2 = (
𝑑𝑟
𝑑𝑟
)
2
= 𝑐2 [
Δ(Δ−𝑎2sin2𝜃)
𝜌4
].                                 (18) 
or 
       𝑣𝑟
2 = (
𝑑𝑟
𝑑𝑟
)
2
= 𝑐2
(𝑟2 − 𝑟𝑅𝑆 + 𝑎
2 + 𝑅𝑄
2)(𝑟2 − 𝑟𝑅𝑆 + 𝑎
2cos2𝜃 + 𝑅𝑄
2)
(𝑟2 + 𝑎2cos2𝜃)2
           (18′) 
Then it gives dr/dt 
               𝑣𝑟 =
𝑑𝑟
𝑑𝑡
= ±𝑐
√𝑟2 − 𝑟𝑅𝑆 + 𝑎2 + 𝑅𝑄
2√𝑟2 − 𝑟𝑅𝑆 + 𝑎2cos2𝜃 + 𝑅𝑄
2
𝑟2 + 𝑎2cos2𝜃
           (19) 
The sign ‘±’ means that light can propagate forwardly and backwardly. It must be 
correct out of the black hole. Here we choose the positive (+) expression in Eq. (19) for 
convenient discussion. To calculate the spending time from r=α1RS to r=α2RS for non-
negative α1 and α2 and different 𝜃, it needs to integrate the time t and the radial distance 
r by moving dr and dt to different side of Eq. (19). The spending time TMeasure is the 
time measured by an observer in a reference frame like on Earth or the center of the 
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black hole where the gravitation is zero for a black hole with finite-size nucleus. Then 
the integrations are  
∫
𝑟2 + 𝑎2cos2𝜃
√𝑟2 − 𝑟𝑅𝑆 + 𝑎2 + 𝑅𝑄
2√𝑟2 − 𝑟𝑅𝑆 + 𝑎2cos2𝜃 + 𝑅𝑄
2
𝛼2𝑅𝑆
𝛼1𝑅𝑆
𝑑𝑟 = 𝑐∫ 𝑑𝑡
𝑇𝑚𝑒𝑎𝑠𝑢𝑟𝑒
0
.    (20) 
Setting 
                                       𝑦 = 𝑟2 − 𝑟𝑅𝑠 + 𝑅𝑄
2 = (𝑟 −
𝑅𝑠
2
)
2
−
𝑅𝑆
2
4
+ 𝑅𝑄
2 ,                        (21) 
it gives  
                                                                𝑦 ≥ −
𝑅𝑆
2
4
+ 𝑅𝑄
2                                                       (22) 
and y>0 when we consider r>𝑅𝑠. Then the expression of r is 
                                               𝑟 =
𝑅𝑆 ± 2√𝑦 +
𝑅𝑆
2
4 − 𝑅𝑄
2
2
.                                                   (23) 
Substituting Eq. (21) into Eq. (23), the square-root term is non-imaginary, and + is for 
r>RS/2 and – is for r≤RS/2 in Eq. (23). From this expression then we have  
                                                          𝑑𝑦 = 2 (𝑟 −
𝑅𝑠
2
) 𝑑𝑟,                                                    (24) 
or  
                                                  𝑑𝑟 = ±
𝑑𝑦
2√𝑦 +
𝑅𝑆
2
4 − 𝑅𝑄
2
.                                                  (24′) 
Substituting Eq. (24’) into Eq. (20) and considering + for r>RS/2 and – for r≤RS/2, then 
we have the measurement time Tmeasure  
       𝑐𝑇𝑚𝑒𝑎𝑠𝑢𝑟𝑒 = ∫
(𝑦 +
𝑅𝑆
2
2 − 𝑅𝑄
2 + 𝑅𝑆√𝑦 +
𝑅𝑆
2
4 − 𝑅𝑄
2 + 𝑎2cos2𝜃)
2√𝑦 + 𝑎2√𝑦 + 𝑎2cos2𝜃√𝑦 +
𝑅𝑆
2
4 − 𝑅𝑄
2
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
= ∫
√𝑦 +
𝑅𝑆
2
4 − 𝑅𝑄
2
2√𝑦 + 𝑎2√𝑦 + 𝑎2cos2𝜃
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
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                   +
{
 
 
 
 (
𝑅𝑆
2
4
+ 𝑎2cos2𝜃)
× ∫
1
2√𝑦 + 𝑎2√𝑦 + 𝑎2cos2𝜃√𝑦 +
𝑅𝑆
2
4 − 𝑅𝑄
2
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
}
 
 
 
 
 
+∫
𝑅𝑆
2√𝑦 + 𝑎2√𝑦 + 𝑎2cos2𝜃
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
 
=𝐼1 + 𝐼2 + 𝐼3.                                       (25) 
These three parts of the total Integral, I1, I2, I3, show the different forms of the elliptical 
Integrals. Then we set {ζ, ω, η}={(−𝑎2) ,(−𝑎2cos2𝜃) ,  (−𝑅𝑆
2/4 + 𝑅𝑄
2)} with the 
condition ζ>ω>η in integrals. Without considering cos 𝜃 = 1, it gives three possible 
situations and corresponding parameters 𝜇1, 𝜇2, and q [22].  
Situation 1 (𝜁 = −𝑅𝑆
2 4⁄ + 𝑅𝑄
2 , 𝜔 = −𝑎2𝑐𝑜𝑠2𝜃, 𝜂 = −𝑎2): 
                  (−𝑅𝑆
2/4 + 𝑅𝑄
2) > (−𝑎2cos2𝜃) > (−𝑎2),              (26) 
and 
                                  𝜇1 = arcsin√
(𝛼1
2 − 𝛼1 +
1
4)𝑅𝑆
2
[(𝛼1
2 − 𝛼1)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2cos2𝜃]
,                         (27𝑎) 
                                  𝜇2 = arcsin√
(𝛼2
2 − 𝛼2 +
1
4)𝑅𝑆
2
[(𝛼2
2 − 𝛼2)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2cos2𝜃]
,                        (27𝑏) 
                                  𝑞 =
√
𝑎2(1 − cos2𝜃)
(−
𝑅𝑆
2
4 + 𝑅𝑄
2 + 𝑎2)
.                                                               (27𝑐) 
Situation 2 (𝜁 = −𝑎2𝑐𝑜𝑠2𝜃,𝜔 = −𝑅𝑆
2 4⁄ + 𝑅𝑄
2 , 𝜂 = −𝑎2): 
                (−𝑎2cos2𝜃) > (−𝑅𝑆
2/4 + 𝑅𝑄
2) > (−𝑎2),              (28) 
and 
                                   𝜇1 = arcsin√
[(𝛼1
2 − 𝛼1)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2cos2𝜃]
(𝛼1
2 − 𝛼1 +
1
4) 𝑅𝑆
2
,                       (29𝑎) 
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                                     𝜇2 = arcsin√
[(𝛼2
2 − 𝛼2)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2cos2𝜃]
(𝛼2
2 − 𝛼2 +
1
4)𝑅𝑆
2
,                        (29𝑏) 
                                     𝑞 =
√
(−
𝑅𝑆
2
4 + 𝑅𝑄
2 + 𝑎2)
𝑎2(1 − cos2𝜃)
.                                                            (29𝑐) 
Situation 3 (𝜁 = −𝑎2𝑐𝑜𝑠2𝜃,𝜔 = −𝑎2, 𝜂 = −𝑅𝑆
2 4⁄ + 𝑅𝑄
2): 
                 (−𝑎2cos2𝜃) > (−𝑎2) > (−𝑅𝑆
2/4 + 𝑅𝑄
2),              (30) 
and   
                                    𝜇1 = arcsin√
[(𝛼1
2 − 𝛼1)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2cos2𝜃]
[(𝛼1
2 − 𝛼1)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2]
,                        (31𝑎)  
                                    𝜇2 = arcsin√
[(𝛼2
2 − 𝛼2)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2cos2𝜃]
[(𝛼2
2 − 𝛼2)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2]
,                        (31𝑏) 
                                     𝑞 = √
(
𝑅𝑆
2
4 − 𝑅𝑄
2 − 𝑎2)
(
𝑅𝑆
2
4 − 𝑅𝑄
2 − 𝑎2cos2𝜃)
.                                                     (31𝑐) 
Supposing ylower=max {(−𝑎2), (−𝑎2cos2𝜃), (−𝑅𝑆
2/4 + 𝑅𝑄
2)} , then the first two 
integrals become 
𝐼1 = ∫
√𝑦 − (−
𝑅𝑆
2
4 + 𝑅𝑄
2)
2√𝑦 − (−𝑎2)√𝑦 − (−𝑎2cos2𝜃)
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
𝑦𝑙𝑜𝑤𝑒𝑟
                                           
              −∫
√𝑦 − (−
𝑅𝑆
2
4 + 𝑅𝑄
2)
2√𝑦 − (−𝑎2)√𝑦 − (−𝑎2cos2𝜃)
𝑑𝑦
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
𝑦𝑙𝑜𝑤𝑒𝑟
                                    (32) 
   𝐼2 = (
𝑅𝑆
2
4
+ 𝑎2cos2𝜃) ×                                                                                                       
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     ∫
1
2√𝑦 − (−𝑎2)√𝑦 − (−𝑎2cos2𝜃)√𝑦 − (−
𝑅𝑆
2
4 + 𝑅𝑄
2)
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
𝑦𝑙𝑜𝑤𝑒𝑟
 
           − (
𝑅𝑆
2
4
+ 𝑎2cos2𝜃) ×                                                                                                  
                ∫
1
2√𝑦 − (−𝑎2)√𝑦 − (−𝑎2cos2𝜃)√𝑦 − (−
𝑅𝑆
2
4 + 𝑅𝑄
2)
𝑑𝑦
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
𝑦𝑙𝑜𝑤𝑒𝑟
.  (33) 
The third integral has the solution as 
𝐼3 =
𝑅𝑆
2
𝑙𝑛 [2√𝑦2 + 𝑎2(1 + cos2𝜃)𝑦 + 𝑎4𝑐𝑜𝑠2𝜃                                                            
+ 2𝑦 + 𝑎2(1 + cos2𝜃)]|
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
                                                  (34) 
According to these three situations, the total Integrals are also divided into three results 
accompanying three parameters 𝜇1, 𝜇2, and 𝑞. These results are suitable for 
 (𝛼2
2 − 𝛼2)𝑅𝑆
2 + 𝑅𝑄
2 > (𝛼1
2 − 𝛼1)𝑅𝑆
2 + 𝑅𝑄
2 > 𝑦𝑙𝑜𝑤𝑒𝑟.           (35) 
However, it automatically exists for any non-negative α1 and α2. When α1=0, Eq. (35) 
gives 𝑅𝑄
2 > 𝑦𝑙𝑜𝑤𝑒𝑟 and Situations 2 and 3 satisfy it because 𝑦𝑙𝑜𝑤𝑒𝑟 < 0 and 𝑅𝑄
2 ≥ 0. 
When we check Situation 1, it gives 
                                                    𝑦𝑙𝑜𝑤𝑒𝑟 = −
𝑅𝑆
2
4
+ 𝑅𝑄
2 < 𝑅𝑄
2 .                                              (36) 
It is based on the factor that 𝑅𝑆
2 > 0. Then these three results are list as follows. 
Results 1 for Situation 1: 
𝐼1 + 𝐼2 + 𝐼3 = −2√(−
𝑅𝑆
2
4
+ 𝑅𝑄
2) + 𝑎2(𝐸(𝜇2, 𝑞) − 𝐸(𝜇1, 𝑞))                                             
            +2√
(𝛼2
2 − 𝛼2 +
1
4)𝑅𝑆
2[(𝛼2
2 − 𝛼2)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2]
[(𝛼2
2 − 𝛼2)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2cos2𝜃]
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          −2√
(𝛼1
2 − 𝛼1 +
1
4)𝑅𝑆
2[(𝛼1
2 − 𝛼1)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2]
[(𝛼1
2 − 𝛼1)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2cos2𝜃]
                          
                  +(
𝑅𝑆
2
4
+ 𝑎2cos2𝜃)
1
√(−
𝑅𝑆
2
4 + 𝑅𝑄
2) + 𝑎2
(𝐹(𝜇2, 𝑞) − 𝐹(𝜇1, 𝑞))  + 
RS
2
𝑙𝑛 {2√[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ]
2
+ 𝑎2(1 + cos2θ)[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ] + 𝑎4cos2θ
+ 2[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ] + 𝑎2(1 + cos2θ)} − 
RS
2
𝑙𝑛 {2√[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ]
2
+ 𝑎2(1 + cos2θ)[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ] + 𝑎4cos2θ
+ 2[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ] + 𝑎2(1 + cos2θ)},                                       (37) 
where E(μ,q) and F(μ,q) are the incomplete elliptical integrals of the first and second 
kinds, respectively. 
Result 2 for Situation 2: 
𝐼1 + 𝐼2 + 𝐼3 =
2(𝑎2cos2𝜃 +
𝑅𝑆
2
4 − 𝑅𝑄
2)
√𝑎2(1 − cos2𝜃)
(𝐹(𝜇2, 𝑞) − 𝐹(𝜇1, 𝑞))                                          
            −2√𝑎2(1 − cos2𝜃)(𝐸(𝜇2, 𝑞) − 𝐸(𝜇1, 𝑞))                                     
             +2√
[(𝛼2
2 − 𝛼2)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2cos2𝜃][(𝛼2
2 − 𝛼2)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2]
(𝛼2
2 − 𝛼2 +
1
4)𝑅𝑆
2
  
             −2√
[(𝛼1
2 − 𝛼1)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2cos2𝜃][(𝛼1
2 − 𝛼1)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2]
(𝛼1
2 − 𝛼1 +
1
4)𝑅𝑆
2
  
             +(
𝑅𝑆
2
4
+ 𝑎2cos2𝜃)
1
√𝑎2(1 − cos2𝜃)
(𝐹(𝜇2, 𝑞) − 𝐹(𝜇1, 𝑞)) + 
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RS
2
𝑙𝑛 {2√[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ]
2
+ 𝑎2(1 + cos2θ)[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ] + 𝑎4cos2θ 
+ 2[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ] + 𝑎2(1 + cos2θ)} − 
RS
2
𝑙𝑛 {2√[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ]
2
+ 𝑎2(1 + cos2θ)[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ] + 𝑎4cos2θ
+ 2[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ] + 𝑎2(1 + cos2θ)}.                                       (38) 
Result 3 for Situation 3: 
𝐼1 + 𝐼2 + 𝐼3 =  
             2√𝑎2cos2𝜃 − (−
𝑅𝑆
2
4
+ 𝑅𝑄
2) [(𝐹(𝜇2, 𝑞) − 𝐹(𝜇1, 𝑞)) − (𝐸(𝜇2, 𝑞) − 𝐸(𝜇1, 𝑞))] 
+2√
[(𝛼2
2 − 𝛼2)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2cos2𝜃] (𝛼2
2 − 𝛼2 +
1
4)𝑅𝑆
2
[(𝛼2
2 − 𝛼2)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2]
 
−2√
[(𝛼1
2 − 𝛼1)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2cos2𝜃] (𝛼1
2 − 𝛼1 +
1
4)𝑅𝑆
2
[(𝛼1
2 − 𝛼1)𝑅𝑆
2+𝑅𝑄
2 + 𝑎2]
 
                   +(
𝑅𝑆
2
4
+ 𝑎2cos2𝜃)
1
√𝑎2cos2𝜃 − (−
𝑅𝑆
2
4 + 𝑅𝑄
2)
(𝐹(𝜇2, 𝑞) − 𝐹(𝜇1, 𝑞)) + 
RS
2
𝑙𝑛 {2√[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ]
2
+ 𝑎2(1 + cos2θ)[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ] + 𝑎4cos2θ
+ 2[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ] + 𝑎2(1 + cos2θ)}  − 
RS
2
𝑙𝑛 {2√[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ]
2
+ 𝑎2(1 + cos2θ)[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ] + 𝑎4cos2θ
+ 2[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ] + 𝑎2(1 + cos2θ)}.                                      (39) 
Results 1 to 3 mean the measurements of the average radial speed of light at different 
order of {ζ, ω, η} from a reference frame far away from the black hole like on Earth. 
Because we only consider the inequalities between ζ, ω, and η, we have to further 
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consider two of them or all of them that are equal. Considering η=ζ, we have 𝑅𝑆
2/4 =
𝑅𝑄
2 + 𝑎2 in Eq. (25), the integral I1+I2+I3 for | cos 𝜃 | < 1 is 
    ∫
1
2√𝑦 + 𝑎2cos2𝜃
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
(𝛼1
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
+ 
    (
𝑅𝑆
2
4
+ 𝑎2cos2𝜃)∫
1
2(𝑦 + 𝑎2)√𝑦 + 𝑎2cos2𝜃
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
+ 
    ∫
𝑅𝑆
2√𝑦 + 𝑎2√𝑦 + 𝑎2cos2𝜃
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
 
= √𝑦 + 𝑎2cos2𝜃|
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
+ 
     (
𝑅𝑆
2
4
+ 𝑎2cos2𝜃)
1
𝑎sin𝜃
tan−1√
𝑦 + 𝑎2cos2𝜃
𝑎2sin2𝜃
|
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
+ 
   
𝑅𝑆
2
𝑙𝑛 [2√𝑦2 + 𝑎2(1 + cos2𝜃)𝑦 + 𝑎4cos2𝜃 + 2𝑦 + 𝑎2(1 + cos2𝜃)]|
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
 
= √(𝛼2
2 − 𝛼2)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2cos2𝜃 − √(𝛼1
2 − 𝛼1)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2cos2𝜃 + 
    (
𝑅𝑆
2
4
+ 𝑎2cos2𝜃)
1
𝑎sin𝜃
[tan−1√
[(𝛼2
2 − 𝛼2)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2cos2𝜃]
𝑎2sin2𝜃
− tan−1√
[(𝛼1
2 − 𝛼1)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2cos2𝜃]
𝑎2sin2𝜃
] + 
    
RS
2
𝑙𝑛 {2√[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ]
2
+ 𝑎2(1 + cos2θ)[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ] + 𝑎4cos2θ 
+ 2[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ] + 𝑎2(1 + cos2θ)} − 
   
RS
2
𝑙𝑛 {2√[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ]
2
+ 𝑎2(1 + cos2θ)[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ] + 𝑎4cos2θ
+ 2[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ] + 𝑎2(1 + cos2θ)}.                                       (40) 
Then considering η=ω, we have 𝑅𝑆
2/4 = 𝑅𝑄
2 + 𝑎2cos2𝜃 in Eq. (25), the integral 
I1+I2+I3 for | cos 𝜃 | < 1 is 
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   ∫
1
2√𝑦 + 𝑎2
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
(𝛼1
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
+ 
   (
𝑅𝑆
2
4
+ 𝑎2cos2𝜃)∫
1
2(𝑦 + 𝑎2cos2𝜃)√𝑦 + 𝑎2
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
+ 
   ∫
𝑅𝑆
2√𝑦 + 𝑎2√𝑦 + 𝑎2cos2𝜃
𝑑𝑦
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
 
= √𝑦 + 𝑎2|
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
+ 
     (
𝑅𝑆
2
4
+ 𝑎2cos2𝜃)
1
𝑎sin𝜃
𝑙𝑛 (
√𝑦 + 𝑎2 − 𝑎sin𝜃
√𝑦 + 𝑎2 + 𝑎sin𝜃
)|
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
+ 
   
𝑅𝑆
2
𝑙𝑛 [2√𝑦2 + 𝑎2(1 + cos2𝜃)𝑦 + 𝑎4𝑐𝑜𝑠2𝜃 + 2𝑦 + 𝑎2(1 + cos2𝜃)]|
(𝛼1
2−𝛼1)𝑅𝑆
2+𝑅𝑄
2
(𝛼2
2−𝛼2)𝑅𝑆
2+𝑅𝑄
2
 
= √(𝛼2
2 − 𝛼2)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2  − √(𝛼1
2 − 𝛼1)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2  +  
(
𝑅𝑆
2
4
+ 𝑎2cos2𝜃)
1
𝑎sin𝜃
[
 
 
 
𝑙𝑛
(
 
√(𝛼2
2 − 𝛼2)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2 − 𝑎sin𝜃
√(𝛼2
2 − 𝛼2)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2 + 𝑎sin𝜃
)
 
− 𝑙𝑛
(
 
√(𝛼1
2 − 𝛼1)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2 − 𝑎sin𝜃
√(𝛼1
2 − 𝛼1)𝑅𝑆
2 + 𝑅𝑄
2 + 𝑎2 + 𝑎sin𝜃
)
 
]
 
 
 
+                                
      
RS
2
𝑙𝑛 {2√[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ]
2
+ 𝑎2(1 + cos2θ)[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ] + 𝑎4cos2θ  
+ 2[(𝛼2
2 − 𝛼2)RS
2 + RQ
2 ] + 𝑎2(1 + cos2θ)} + 
      
RS
2
𝑙𝑛 {2√[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ]
2
+ 𝑎2(1 + cos2θ)[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ] + 𝑎4cos2θ
+ 2[(𝛼1
2 − 𝛼1)RS
2 + RQ
2 ] + 𝑎2(1 + cos2θ)}.                                       (41) 
 Considering 𝜁 = 𝜔 ≠ 𝜂, we have the case at two poles: | cos 𝜃 | = 1, but 𝑅𝑆
2/4 ≠
𝑅𝑄
2 + 𝑎2. The speed of the integral in Eq. (20) can be directly calculated. Then one can 
proceed the integral 
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               𝐿 = ∫ [1 −
𝑅𝑄
2
𝑟2 − 𝑟𝑅𝑆 + 𝑎2 + 𝑅𝑄
2 +
𝑟𝑅𝑆
𝑟2 − 𝑟𝑅𝑆 + 𝑎2 + 𝑅𝑄
2]
𝛼2𝑅𝑆
𝛼1𝑅𝑆
𝑑𝑟.             (42) 
For the case of 4(𝑎2 + 𝑅𝑄
2) > 𝑅𝑆
2, it gives  
𝐿 = (𝛼2 − 𝛼1)𝑅𝑆                                                                                                                          
−(𝑅𝑄
2 −
𝑅𝑆
2
2
)
(
 
2
√4(𝑎2 + 𝑅𝑄
2) − 𝑅𝑆
2
)
 
(
 tan−1
2𝑟 − 𝑅𝑆
√4(𝑎2 + 𝑅𝑄
2) − 𝑅𝑆
2
)
 ||
𝛼1𝑅𝑆
𝛼2𝑅𝑆
      
+
𝑅𝑆
2
ln|𝑟2 − 𝑟𝑅𝑆 + 𝑎
2 + 𝑅𝑄
2||
𝛼1𝑅𝑆
𝛼2𝑅𝑆
                                                                            
= (𝛼2 − 𝛼1)𝑅𝑆                                                                                                                          
        − 
(2𝑅𝑄
2 − 𝑅𝑆
2)
√4(𝑎2 + 𝑅𝑄
2) − 𝑅𝑆
2
(
 tan−1
(2𝛼2 − 1)𝑅𝑆
√4(𝑎2 + 𝑅𝑄
2) − 𝑅𝑆
2
− tan−1
(2𝛼1 − 1)𝑅𝑆
√4(𝑎2 + 𝑅𝑄
2) − 𝑅𝑆
2
)
  
+
𝑅𝑆
2
ln
|(𝛼2
2 − 𝛼2)𝑅𝑆
2 + 𝑎2 + 𝑅𝑄
2 |
|(𝛼1
2 − 𝛼1)𝑅𝑆
2 + 𝑎2 + 𝑅𝑄
2|
                                                                               
    = c𝑇𝑀𝑒𝑎𝑠𝑢𝑟𝑒.                                                                                                                       (43) 
For the case of 4(𝑎2 + 𝑅𝑄
2) < 𝑅𝑆
2, it gives 
𝐿 = (𝛼2 − 𝛼1)𝑅𝑆  
−
𝑅𝑄
2 −
𝑅𝑆
2
2
√𝑅𝑆
2 − 4(𝑎2 + 𝑅𝑄
2)
(
 ln
2𝑟 − 𝑅𝑆 −√𝑅𝑆
2 − 4(𝑎2 + 𝑅𝑄
2)
2𝑟 − 𝑅𝑆 +√𝑅𝑆
2 − 4(𝑎2 + 𝑅𝑄
2)
)
 ||
𝛼1𝑅𝑆
𝛼2𝑅𝑆
                         
+
𝑅𝑆
2
ln|𝑟2 − 𝑟𝑅𝑆 + 𝑎
2 + 𝑅𝑄
2||
𝛼1𝑅𝑆
𝛼2𝑅𝑆
                                                                               
= (𝛼2 − 𝛼1)𝑅𝑆  −
𝑅𝑄
2 −
𝑅𝑆
2
2
√𝑅𝑆
2 − 4(𝑎2 + 𝑅𝑄
2)
×                                                                              
ln
(
 
(2𝛼2 − 1)𝑅𝑆 −√𝑅𝑆
2 − 4(𝑎2 + 𝑅𝑄
2)
(2𝛼2 − 1)𝑅𝑆 +√𝑅𝑆
2 − 4(𝑎2 + 𝑅𝑄
2)
∙
(2𝛼1 − 1)𝑅𝑆 +√𝑅𝑆
2 − 4(𝑎2 + 𝑅𝑄
2)
(2𝛼1 − 1)𝑅𝑆 −√𝑅𝑆
2 − 4(𝑎2 + 𝑅𝑄
2)
)
  
+
𝑅𝑆
2
ln
|(𝛼2
2 − 𝛼2)𝑅𝑆
2 + 𝑎2 + 𝑅𝑄
2|
|(𝛼1
2 − 𝛼1)𝑅𝑆
2 + 𝑎2 + 𝑅𝑄
2|
.                                                                                
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= c𝑇𝑀𝑒𝑎𝑠𝑢𝑟𝑒.                                                                                                                             (44) 
For the case of 𝑎2 = 𝑎2cos2𝜃 and 4(𝑎2 + 𝑅𝑄
2) = 𝑅𝑆
2, it gives 
𝐿 = (𝛼2 − 𝛼1)𝑅𝑆 + (𝑅𝑄
2 −
𝑅𝑆
2
2
) (
2
2𝑟 − 𝑅𝑆
)|
𝛼1𝑅𝑆
𝛼2𝑅𝑆
+ 𝑅𝑆 ln (𝑟 −
𝑅𝑆
2
)|
𝛼1𝑅𝑆
𝛼2𝑅𝑆
                         
= (𝛼2 − 𝛼1)𝑅𝑆 +
2𝑅𝑄
2 − 𝑅𝑆
2
𝑅𝑆
(
1
2𝛼2 − 1
−
1
2𝛼1 − 1
) + 𝑅𝑆 ln
2𝛼2 − 1
2𝛼1 − 1
 .                      
    = c𝑇𝑀𝑒𝑎𝑠𝑢𝑟𝑒.                                                                                                                      (45) 
Substituting Eqs. (37) - (41) and (43) – (45) into Eq. (25), it gives the measurement 
time  
                                          𝑇𝑚𝑒𝑎𝑠𝑟𝑢𝑟𝑒 =
1
𝑐
(𝐼1 + 𝐼2 + 𝐼3),                                                  (46) 
which has different value dependent on a, RQ, and θ. The distance is (α2-α1)RS and the 
measurement time TEarth for light traveling this distance on Earth should be about 
                                                𝑇𝐸𝑎𝑟𝑡ℎ =
1
𝑐
(𝛼2 − 𝛼1)𝑅𝑠.                                                      (47) 
TMeasure is possible less than TEarth. According to this, the average speed of light cave from 
r=α1RS to r=α2RS is 
                  𝑐𝑎𝑣𝑒 = 𝑐(𝛼2 − 𝛼1)𝑅𝑠/(𝐼1 + 𝐼2 + 𝐼3).                 (48) 
So we can calculate the average radial speed of light cave. It is easy to prove that when 
𝛼2 >> 𝛼1 and 𝛼2 >> 1, Eq.(48) gives 
                                                                   𝑐𝑎𝑣𝑒~𝑐.                                                                   (49) 
This result is the reasonable speed of light that we measure on Earth. 
5. Demonstrated Cases of the Superluminal Phenomena outer of the Black Hole 
  Next, we discuss the possibility whether the superluminal phenomenon can take 
place at the place larger than RS. In astronomical observations, the measurements are 
during a finite period. Let α1=1 for calculating the average radial speed of light on the 
two-dimensional x-y plane with the y-axis parallel to the rotational axis passing through 
the center of the black hole, the integrals in Eq. (20) or (25) can be calculated 
numerically for different a, RQ, and α2 cases. The center of the black hole is set as the 
origin of the coordinate. In order to satisfy the condition in Eq. (17), we consider the 
maximum of RQ is RS for r≥RS.  
  In order to understand the effect of rotational term a with the small RQ=0.1RS, first 
we study two cases of a=RS and a=100RS. In those cases maximal x and y values are 
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10, 100, and 200RS as shown in Figs. 1(a) – (c). The calculating space is divided into 
1000x1000 square grids, and the date in each grid represents the average radial speed 
in unit of c calculated from r=RS to that point so all the data r≤RS are zero in figures. 
The grid size is (0.02RS)
2 for the calculation of the maximal x=y=10RS case, (0.2RS)
2 
for the calculation of the maximal x=y=100RS case, and (0.4RS)
2 for the calculation of 
the maximal x=y=200RS case. These parameters are the same in all corresponding Figs. 
1 – 6. In Fig. 1(a), the distribution of the average radial speed of light for a=RS shows 
that all average radial speeds are less than c, and it becomes slower and slower as r 
gradually closes RS and then gradually increases as r leaves away RS. At the same 
distance away from the center, the average radial speed is the slowest one on the x-axis 
and the highest one on the y-axis. In Figs. 1(b) and (c), the distributions show the 
average radial speed in the larger range and both of them also reveal the increase trends 
as r is away from the center. The data along the x-axis in Fig. 1(c) is draw in Fig. 1(d) 
where the maximum of r is 200RS symmetrical to the center. It shows that the average 
radial speed of light is only about 0.2c at the place adjacent to RS and gradually close 
to c far away from the center.  
Then we consider the case of a=100RS and RQ=0.1RS. It is much explicit that the highly 
average radial speed more than 20.0c mainly distributes in a very narrow range near the 
x-axis as shown in Fig. 2(a) and the maximum is close to 45.0c. The average radial 
speed quickly drops to about 10c as r=20RS as shown in Figs. 2(b) and (c). As r 
increases, it gradually goes to c. Comparing the calculations with those in Fig. 1, the 
highest average speed is not on the y-axis. On the contrary, the highest value appears 
on the x-axis and the slowest one on the y-axis at the same r. Similar to Fig. 1(d), the 
distribution along the x-axis is shown in Fig. 2(d) where the maximum of r is 200RS 
symmetrical to the center. Specially, the maximum on the x-axis is not at the place 
adjacent to RS but a little away from RS. The maximum is at about r=2RS. 
The third case is similar to the first one that a=RS but RQ increases from 0.1 RS to 
1.0RS However, the results are much different from those in Fig. 1. In Fig. 3(a), the 
maximum is at the place adjacent to RS on the x-axis and a lot of places show the average 
radial speeds more than 0.8c. So increasing RQ from 0.1RS to 1.0RS also raising the 
average radial speed and changes the distribution. In Figs. 3(b) and (c), the distributions 
in the larger ranges show that the variation along the x-axis is larger than that along the 
y-axis and the equi-speed surfaces are elliptical shapes. The distribution along the x-
axis in Fig. 3(c) is drawn in Fig. 3(d) where the average radial speed is about 1.4c 
adjacent to RS and quickly drops to the minimum roughly 0.85c at about r=4.0RS. The 
maximum of r is 200RS symmetrical to the center in Fig. 3(d). After this minimum, it 
slowly increases to close to 1.0c. Along each direction, all average radial speeds show 
the similar trends reaching 1.0c when r increases largely. 
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The fourth case holds RQ equal to 1.0RS but increases a to 10.0RS. In Fig. 4(a), the 
maximum about 10.0c is also adjacent to RS on the x-axis. The average radial speed 
more than half maximum distributes in a narrow range near the x-axis but is not like 
the result in Fig. 2 that the distribution is more centralized to the x-axis. As enlarging 
the calculation range, the average radial speed more than 2.0c mainly distributes near 
the x-axis and very close to RS as shown in Figs. 4(b) and (c). The distribution of the 
average radial speed along the x-axis is drawn in Fig. 4(d), in which it drops very 
quickly from the place adjacent to RS to 200RS. Finally, the average radial speed is close 
to 1.0c as r is very large in our calculations. 
  The fifth case uses the same RQ=1.0RS and a is increased to 50RS in order to 
investigate the effect of the rotation on the average radial speed. In Fig. 5(a), the 
distribution of the average radial speed more than 20.0c is very close to the axis 
symmetric to the center within 4.0RS. The maximum about 50.0c is also adjacent to RS 
on the x-axis. Comparing Fig. 5(a) with 4(a), it shows this distribution closer to the x-
axis and more centralized. In the enlarged space as shown in Figs. 5(b) and (c), the 
average radial speed more than 20.0c is close to the center. The distribution of the 
average radial speed along the x-axis is shown in Fig. 5(d) where it quickly drops from 
the place adjacent to RS to 200RS and the calculation is close to 1.0c the same as previous 
cases. 
 
(a)                                (b) 
 
(c)                                (d) 
Figure 1. Distribution of the average radial speed of light in units of c, calculated from r=RS to the random 
point S, in the case that a=1.0RS and RQ=0.1RS. The maximums of x and y are both (a) 10RS, (b) 100RS, 
and (c) 200RS. (d) The distribution of the average radial speed of light along the x-axis in (c).  
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(a)                               (b) 
 
(c)                                (d)  
Figure 2. Distribution of the average radial speed of light in units of c, calculated from r=RS to the random 
point S, in the case that a=100RS and RQ=0.1RS. The maximums of x and y are both (a) 10RS, (b) 100RS, 
and (c) 200RS. (d) The distribution of the average radial speed of light along the x-axis in (c).    
 
(a)                               (b) 
 
           (c)                               (d) 
Figure 3. Distribution of the average radial speed in units of c, calculated from r=RS to the random point 
S, in the case that a=1.0RS and RQ=1.0RS. The maximums of x and y are both (a) 10RS, (b) 100RS, and (c) 
200RS. (d) The distribution of the average radial speed of light along the x-axis in (c).     
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(a)                              (b) 
 
             (c)                              (d) 
Figure 4. Distribution of average radial speed in units of c, calculated from r=RS to the random point S, 
in the case that a=10RS and RQ=1.0RS. The maximums of x and y are both (a) 10RS, (b) 100RS, and (c) 
200RS. The distribution of the average radial speed of light in (c). 
 
(a)                               (b) 
 
                  (c)                               (d) 
Figure 5. Distribution of the average radial speed of light in units of c, calculated from r=RS to the random 
point S, in the case that a=50RS and RQ=1.0RS. The maximums of x and y are both (a) 10RS, (b) 100RS, 
and (c) 200RS. The distribution of the average radial speed of light along the x-axis in (c).    
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The sixth case continues previous discussion where RQ is still 1.0RS and a is increased 
to 100RS. In Fig. 6(a), the maximum about 100.0c is also adjacent to RS on the x-axis. 
The distribution of the average radial speed more than 40.0c is much close to the x-axis 
symmetric to the center and its range is within 4.0RS. When enlarging the calculation 
space, it shows the average radial speed more than 40.0c close to the center as shown 
in Figs. 6(b) and (c). The distribution along the x-axis is shown in Fig. 6(d) where it 
quickly drops to 1.0c from RS to 200RS and the calculation reveals the same result as 
the previous cases. 
 
(a)                             (b) 
 
           (c)                              (d) 
Figure 6. Distribution of the average radial speed of light in units of c, calculated from r=RS to the random 
point S, in the case that a=100RS and RQ=1.0RS. The maximums of x and y are both (a) 10RS, (b) 100RS, 
and (c) 200RS. The distribution of the average radial speed of light along the x-axis in (c).     
  Then we compare these cases with each other and find out the effects of RQ and a. 
Each data is discrete and we connect them in a smooth curve. In Fig. 7(a), we investigate 
the effect of RQ using the calculations in Figs. 1(d), 2(d). 3(d), and 6(d). The figure 
shows log10 of all curves. Comparing Fig. 1(d) with 3(d), the case of 0.1RQ shows the 
minimum adjacent to RS, and the case of 1.0RQ has maximum adjacent to RS and then 
drops to a minimum a little away from RS. Both cases show very close values when r is 
more than 80RS and then gradually increases to zero when r=200RS. For another two 
cases of 0.1RQ and 1.0RQ with the same a=100RS, the smaller RQ shows a drop when r 
is close to RS and the maximum is at the distance a little away from RS, whereas the 
bigger one has a maximum adjacent to Rs. Both values almost overlap when r is about 
larger than 4.0RS and gradually decreases to zero as r increases largely. So the larger 
rotational term a needs longer distance to reach the average radial speed close to 1.0c. 
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The same result also reveals in the four different rotation cases where RQ holds at 1.0RS 
as shown in Fig. 7(b). All curves show the maximums adjacent to RS and decrease to 
zero as r is large enough. It means when the observer is far away the black hole, the 
measurement of the average radial speed of light is close to c as we measure on Earth. 
This result can be applicable for other superstar that produce strong gravity with high 
rotation. 
 
(a)                      (b) 
Figure 7. (a) Log10 of the smooth curves from Figs. 1(d), 2(d), 3(d) and 6(d). (b) Log10 of the smooth 
curves from Figs. 3(d) – 6(d). 
6. Why the Speed of Massive Particle is astronomically Measured as Faster Than 
Light? 
  According to the previous results, the average radial speed of light is possible more 
than c very tiny from the black hole to a far away place such as Earth as long as the 
radial speed is the dominant part. Some reports [1-7] showed that the speed of the 
particle away from the black hole was measured faster than c. This kind of phenomenon 
violates the special relativistic theory and makes us think about other possibility. Here 
we use our results to give another explanation.  
As we know, there exists significant light bending near the superstar or black hole 
due to the strong gravity. The gravitation lensing is an example [23] Then we consider 
the relativistically electric particles leaving the black hole and radiating electromagnetic 
waves at two places A and B as shown in Fig. 8. Supposing the time difference 
measured in the Earth system is one year and the speeds of the particles are all less than 
c. So how can the measurements on Earth give the particles faster than c? As shown in 
Fig. 8, light radiated at the place A forwards to Earth and will be received after time t. 
Then when the particles move to the place B, light is radiated and will be received after 
time t-1 year on Earth, the actual path for the particles is along AB and the actual length 
is AB. Light emitted at A is along the trajectory with the average speed c1 and light 
emitted at B is along the other one with the average speed c2. The time difference 
between these two trajectories is 1 year and the former spending time is more than the 
later. Due to the strong gravitation, two trajectories are curves near the black hole and 
approximate two straight lines far away the black hole. The curvature of the light 
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trajectory from A can be larger than that from B. Due to the light bending, the observed 
path of the particles is along A’B’, not AB. We call the path A’B’ the imaging path and 
its distance the imaging length. The phenomenon is much similar to the observation of 
particle in water by an observer above water. The different refraction indices between 
water and air cause light change its direction at the interface and results in the observer 
thinking the particle in shallow water. So the light bending near the black hole results 
in the imaging length A’B’ longer than the actual length AB. The ratio of A’B’ to AB 
might be several times so it gives the results of the particles faster than c.  
  After all, the special relativity [24] tells us that the massive particle cannot be speeded 
higher than c and its relativistic mass close to infinite when the speed is very close to c. 
This principle has been verified in each operation on the synchrotron accelerator and it 
always needs a lot of energy to speed an electron close to c. We would expect that it is 
also the same phenomenon in the most places even near the black hole because the 
massive particle far away from the black hole with only finite total energy and its energy 
would be conserved even when it moves to the neighboring place of the black hole. 
However, when the speed of the massive particle is possible faster than the speed of 
light, it might be expected that the phenomenon like the Cherenkov’s radiation would 
be observed in the regions near the black hole, some supermassive stars, or planets with 
strong gravity. 
  The speed of light near massively rotating and charged black hole can be faster than 
it on earth. This result can be one way to explain the flares near the black hole at IC 310 
recorded on 12/13 November 2012 [25].  
 
Figure 8. Two light trajectories with different average speeds cause the visual illusion in astronomical 
observations. It would result in the conclusion of the faster-than-light particle. Here c1 and c2 is very close 
to c and possibly more or less than c very tiny. 
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7. Is The Propagation Speed of Gravity Faster Than Light? 
We might ask whether the propagation speed of gravity is faster than light or not. 
Considering a black hole with a spherical event horizon for convenient discussion and 
the result is applicable for other black hole with a non-spherical event horizon. If the 
black hole absorbs some mass in early time, then the event horizon will expand to a 
new event horizon with increase radius Δ𝑟 as shown in Fig. 9. When the propagation 
speed of gravity is faster than light, then the observation of a particle entering into the 
event horizon before expansion will be later than another observation of other particle 
entering into the new event horizon. It seems to cause an unreasonable phenomenon 
that the former particle enters into the black hole will be later than the later particle 
dose. Traditional theory thinks massive and massless particles cannot escape the black 
hole. The propagation speed of gravity faster than the measured speed of light will result 
in the disappear of any particle before reaching the event horizon, and the new event 
horizon covers all information of the particles passing through the former event horizon. 
This induces another problem that the event horizon is un-defined. So the propagation 
speed of gravity should not be faster than the measured speed of light. 
 
Figure 9. A spherical event horizon of a black hole expands to a new event horizon with increase radius 
Δ𝑟. 
8. Conclusion 
We use the Kerr-Newman metric based on General Relativity to discuss the average 
radial speed of light at the black hole. First, according to equivalence principle, time 
dilation requires some conditions between RS, a, and RQ. The appropriate range of r is 
also given when light is along the radial direction. The Kerr-Newman metric shall exist 
everywhere so the concept of finite-size nucleus is better than a singularity at the center 
of the black hole and the totally enclosed charge Q should be a function of r. The 
geodesic of light is determined by ds2=0 then we obtain the velocity equation of light 
described on the reference frame far away from the black hole like on Earth. It is also 
possible described at the center of the black hole when it has finite-size nucleus. Next, 
we can calculate the spending time for light traveling from r=𝛼1𝑅𝑆 to r=𝛼2𝑅𝑆 at any 
𝜃. We find that the average speed of light along the radial direction is possible larger 
than c dependent on a and RQ. The larger a is, the higher average radial speed of light 
is. The larger RQ also benefits higher average radial speed. Higher rotation or larger 
charge of the black hole gives a longer range where the average radial speed is more 
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than c and it needs longer distance to decrease and close c. When an observer is far 
away from the black hole or other strong gravity, the measured average speed of light 
is close to c as the measurement on Earth. The results are reasonably at least for the 
radial directions from two poles and the place in the equatorial plane. According to the 
principle of equivalence, the accelerating directions are along the radial directions. 
Based on these results, we propose a new explanation for the observation of the 
faster-than-light massive particles in astronomy. The light bending near the black hole 
or supermassive star with very strong gravity results in the arriving light beams having 
time difference by the telescope. The two events are recorded with a visual angle and it 
is thought that the massive particle moves a longer distance than reality. The 
phenomenon is like the observation above water that the positions of things in water 
are actually deeper than what we see. 
Finally, we consider the increase of event horizon due to the expansion of the black 
hole to analyze whether the propagation speed of gravity can be faster than the 
measured speed of light or not. If it were true, then the event of a particle entering the 
new event horizon will be observed faster than the event of a particle entering the 
former event horizon. The traditional theory of the black hole thinks massive and 
massless particles cannot escape the black hole, and the phenomenon tells us that the 
former information is covered by the new event horizon and the former particle 
disappears before the event horizon. It seems to be unreasonable so the propagation of 
gravity should be slower than the measured speed of light. 
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